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Abstract 

We use an Euler system of Heegner cycles to bound the Selmer group associated to a 
modular form of higher even weight twisted by a ring class field character. This is an extension 
of Nekovar’s result M that uses Bertolini and Darmon’s refinement of Kolyvagin’s ideas, as 
described in |Tj. 
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1 Introduction 

Kolyvagin ifTTIl and f8j used an Euler system to bound the size of the Selmer group of certain 
elliptic curves over imaginary quadratic fields assuming the non-vanishing of a suitable Heegner 
point. This implied that they have rank 1, and that their associated Tate-Shafarevich group is 
finite. Combined with results of Gross and Zagier f9j, this proved the Birch and Swinnerton-Dyer 
conjecture for analytic rank at most 1. Bertolini and Darmon later adapted Kolyvagin’s descent to 
Mordell-Weil groups over ring class fields ||T). Nekovar ltl4l then applied the methods of Euler 
systems to modular forms of even weight larger than 2 to describe the image by the Abel-Jacobi 
map of certain algebraic cycles of the associated Kuga-Sato varieties. Combined with results of 
1 Supported by a doctoral scholarship of the Fonds Quebecois de la Recherche sur la Nature et les Technologies. 
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Gross-Zagier |9[ and Brylinski ||5j], this provided further grounds to believe the Bloch-Beilinson 
conjecture which generalizes Birch and Swinnerton-Dyer’s. The present work adapts ideas and 
techniques from the aforementionned articles to bound the size of Selmer groups associated to 
modular forms of even weight larger than 2 twisted by ring class characters of imaginary quadratic 
fields. 

Let / be a normalized newform of level To (N) and trivial nebentype where N >5 and of even 
weight 2r >2 and let 

K = Q{V^D) 

be an imaginary quadratic field satisfying the Heegner hypothesis relative to N, that is, rational 
primes dividing N split in K. For simplicity, we assume that 1^1=2- We fix a prime p not 
dividing ND(j)(N). Let H be the ring class field of K of conductor c with (c,NDp) = 1, and let 
e be the exponent of Gal (H/K). Let F = Q(ai .aj-■ ■ ■ ,p e ) be the field generated over Q by the 
coefficients of / and the e-th roots of unity p e . We denote by A the p-adic etale realization of the 
motive associated to / by Scholl lfl6ll and Deligne |[6l twisted by r (see Section[2]for more details). 
It will be viewed (by extending scalars appropriately) as a free Gp®h p module of rank 2, equipped 
with a continuous Gp -linear action of Gal(Q/Q). Let A p be the localization of A at a prime p of 
ffp dividing p as in Expression [Q Then A p is a free module of rank 2 over the completion of 
Gp at p. The Selmer group 

S C H l (FI,A p /p) 

consists of the cohomology classes c whose localizations c v at a prime v of H lie in 

H l (H" r /H v .Ap/p) for v not dividing Np 

< 

Hl(H v ,Ap/p ) for v dividing p 

where Hj{H v ,A p /p) is the finite part of //' (H v ,A p /p) as in JH. In our setting, since A p has good 
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reduction at p, Hj(H v ,M) = H ] cris (H v .M). Note that the assumptions we make will ensure that 
H 1 (H“ r /H v ,Ap/p) = 0 for v dividing N. The Galois group 

G = Gal (H/K) 


acts on H [ (H ,Ap/p) and preserves the unramified and cristalline classes, hence it acts on S. As¬ 
sume that p does not divide |G|. We denote by G = Hom(G,/ig) the group of characters of G and 
by 




1 

G 


L* ' (g)g 

g eG 


the projector onto the ^-eigenspace given a character X of G. 

By the Heegner hypothesis, there is an ideal jV of f)' c , the order of K of conductor c, such that 


= Z/A1Z. 

Therefore, C/ f)' c and C/^K -1 define elliptic curves related by an A-isogeny. As points of Xo(N) 
correspond to elliptic curves related by /V-isogcnies, this provides a Heegner point xi of Xq(N). 
By the theory of complex multiplication, x\ is defined over H. Let E be the corresponding elliptic 
curve. Then E has complex multiplication by G c . The Heegner cycle of conductor c is defined as 

e r (graph (v/—D) 1 

for some appropriate projector e r , (see Section[2]for more details). Let 8 be the image by the p-adic 
etale Abel-Jacobi map of the Heegner cycle of conductor c viewed as an element of H 1 (H,Ap/p). 
We denote by Fr(v) the arithmetic Frobenius element generating Gal (H“ r /H v ), and by 

I v = Gal (H v /Hf). 
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This article is dedicated to the proof of the following statement: 


Theorem 1.1. Assume that p is such that 

Gal(Q(A p /p)/Q) ~GL 2 (^ p /p), (p,ND0(N)) = 1, and p\\G\. 

Suppose further that the eigenvalues of Fr(y ) acting on are not equal to 1 modulo p for v 
dividing N. Let X £ G he such that ej8 is not divisible by p. Then the X-eigenspace S x of the 
Selmer group S has rank 1 over f)'pjp. 

To prove Theorem 11.11 we first view the p-adic etale realization A of the twisted motive asso¬ 
ciated to / in the middle etale cohomology of the associated Kuga-Sato varieties. The main two 
ingredients of the proof are the refinement of an Euler system of so-called Heegner cycles first 
considered by Nekovaf and Kolyvagin’s descent machinery adapted by Nekovaf fi~4ll to the setting 
of modular forms. In order to bound the rank of the ^-eigenspace of the Selmer group S x , we use 
Local Tate duality and the local reciprocity law to obtain information on the local elements of the 
Selmer group. Using a global pairing of the Selmer group and Cebotarev’s density theorem, we 
translate this local information about the elements of S x into global information. 

The main novelty is the adaptation of the techniques by Bertolini and Darmon in fT| to the 
setting of modular forms that allow us to get around the action of complex conjugation. Indeed, 
unlike the case where x is trivial, the complex conjugation T does not act on S x as it maps it to S x . 

2 Motive associated to a modular form 

In this section, we describe the p-adic etale realization A of the motive associated to / by Scholl 
fl6l and Deligne |j6J twisted by r. Consider the congruence subgroup To(/V) for /V > 5 of the 
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modular group SL 2 (Z) 


r 0 (AO 



€ SL 2 (Z) | c = 0 mod TV 
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We denote by Yq(N) the smooth irreducible affine curve that is the moduli space classifying el¬ 
liptic curves with To (TV) level structure, that is elliptic curves with cyclic subgroups of order TV. 
Equivalently, Ko(TV) classifies pairs of elliptic curves related by an /V-isogcny. Over C, we have 


H/r 0 (TV) ~ Y 0 (N)c : T H- 


C/(Z + Zt) , ( 


TV' 


We denote by Xq(N) the compactification of Fo(TV) viewed as a Riemann surface and we let j be 
the inclusion map 

j:Y 0 (N)^Xo(N). 


The assumption N >5 allows for the definition of the universal elliptic curve 


K : S’ 


X 0 (N). 


Let 


Z 2 \ (C x El) 


be the universal generalized elliptic curve over the Poincare upper half plane where ( m,n ) in Z 2 
acts on C x El by 

(z,t) >-)• (z + nn + n,z). 
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We denote by $ the compact universal generalized elliptic curve of level ro{N). Let W r be the 
Kugci-Sato variety of dimension r+1, that is a compact desingularization of the r-fold fibre product 

& x x 0 (N )''' x x 0 (N ) &> 

(see 0 and the appendix by Conrad in 01 for more details). 

Fix a prime p with ( p,N(j)(N )) = 1. Consider the sheaf 

& = Sym 2r ~ 2 (R l 7T*Z/ p). 


Let 


r 2r -2 = {Z/N X p 2 ) 2 '' 2 X Zr -2 


where p 2 = {±1} and Z 2 r -2 is the symmetric group on 2r — 2 elements. Then T 2r _ 2 acts on W 2r - 2 , 
(see fl6l Sections 1.1.0,1.1.1] for more details.) The projector 


e r € Z 


1 

2N(r — 2)\ 


[r2r-2] 


associated to r 2r _ 2 , called Scholl’s projector, belongs to the group of zero correspondences 


CoiT° (W 2r - 2 , W 2 ,-_ 2 )q 


from W 2r ~ 2 to itself over Q, (see 0 Section 2.1] for more details.). 

Remark 2.1. The hypothesis ((2r — 2)!. /;) = 1 is not necessary by a combination of the work of 
Tsuji IfTTl on p-adic comparison theorems and Saito fT5il on the Weight-Monodromy conjecture 
for Kuga-Sato varieties. 
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Proposition 2.2. 


H} t (Xo(N)®®J*^) - e r ®^H' et (W r ®H,Z/p). 

Proof. The proof is a combination of Ifl6l theorem 1.2.1] and (3] proposition 2.4]. Note that the 
proof in lfl6l theorem 1.2.1] involves Q p coefficients but it is still valid in our setting, (see the 
Remark following lfl4l Proposition 2.1]). □ 

Define 

J = H} t {X 0 (N)®QJ^). 

For primes £ prime to N, the Hecke operators T, act on Xq(N), which induces an endomorphism of 
H} t (X 0 (N)®QJ ■t.'P). Let A be its /-isotypic component with respect to the action of the Hecke 
operators. Let 

I = Ker{ T —■> : 7) — >ae,\/£\N}. 

Then A = {x € J \ lx = 0} is isomorphic to J/IJ. A is a free Gp® r L p module of rank 2, equipped 
with a continuous ^/-linear action of Gal(Q/Q). Hence, there is a map 

eA ■ J —> A 

that is equivariant under the action of Hecke operators and Gal(Q/Q). 

Consider the etale p-adic Abel-Jacobi map 

: CH\W 2r -2/H)o^H\H,H%-\w 2 r-2®H^ P { r ))) 

where CH r (W 2r - 2 /H)o is the group of homologically trivial cycles of codimension 2r — 2 on W 2r - 2 
defined over H, modulo rational equivalence. Composing the Abel-Jacobi map with the projector 
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e r , we obtain a map 


<$> : CH r {W 2r - 2 /H )o 


//*(//, 7 ). 


The Abel-Jacobi map commutes with automorphisms of W 2r -i, so <f> factors through 

e r {CH r (W 2r - 2 /H) 0 ®Z p ). 

Proposition I2.2l implies that e r H r+l (W 2r - 2 ® H ,Zi p ) = 0. Since 

CH r (W 2r - 2 /H) 0 = Ker(CH r (W 2r - 2 /H) ^ H r+1 (W 2r - 2 ®H,Z p )), 

we have e r (CH r (W 2r - 2 /H)o®Z p ) = e r (CH'\W 2r - 2 /H) ®Z p ). Composing the former map with 
the map e\ : J —» A, we get 

<f>: e r CH r (W 2r - 2 /H)o —> H l (H,A). 


3 Heegner cycles 

Consider an integer m such that (m.cNDp) = 1. Recall that H = K c is the ring class field of K of 
conductor c. We denote by 

— K cm 

the ring class field of K of conductor cm for m > 1. We describe Nekovar’s construction of Heegner 
cycles as in lfl4l Section 5]. 

By the Heegner hypothesis, there is an ideal J/ of the order of K of conductor cm, such 

that 


GanjjV = Z/./VZ. 


Therefore, C / G cm and C/ ,/Z' 1 define elliptic curves over C related by an N- isogeny. As points of 
X{)(N) correspond to elliptic curves over C related by /V-isogcnies, this provides a Heegner point 
x m of Xq(N). By the theory of complex multiplication, x m is defined over the ring class field H m of 
K of conductor cm, (see (Zl for more details). Let E be the elliptic curve corresponding to x m . Then 
E has complex multiplication by f ) cm . Letting graphic/ —D) be the graph of the multiplication by 
\J —D on E, we denote by Ze the image of the divisor 

(graph(s/ —D) — Ex 0 — D(0 x E)) 

in the Neron-Severi group NS(E x E) of E x E, that is, the group of divisors of E x E modulo 
algebraic equivalence. Consider the inclusion 

i : E 2r ~ 2 —> W lr - 2 . 

Then /*(Z^T 1 ) belongs to the Chow group CW (W 2 r-i/ H m )o- Denote by y m the image of i, t {Z r E 1 ) 
by the />adic etale Abel-Jacobi map 


<f>: CH r (W2r-2 / H m )o —)■ H 1 (H m ,A) 

as described in ITOl . We consider two crucial properties of the Galois cohomology classes thus 
obtained from Heegner cycles. 

A prime £ inert in K where ( £,cmNDp ) = 1 is unramified in H m . A prime X m above £ in H m 
ramifies completely in H/ m . 

Proposition 3.1. Consider cohomology classes y„ and y m with n = £m, where £ is a prime inert in 
K. Then 

Tgy m = cor Hn / Hm y n = affm- 
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Proof. Let E m be the elliptic curve corresponding to x m . Then, we have 


r,m = 

y 

where the elements y € YfN) correspond to /'-isogcnics E y —>• E m compatible with level Tq(N) 
structure. The set {)> } consists of the orbit of x n in 

Gal (H n /H m ) ~ Gal (K n /K m ) ~ Gal(^/£i). 


Let £„ be the elliptic curve corresponding to x n . We have 


L ** ( Z £ v 1 ) = L S’ L ( Z £„ 1 ) = COr H n /Hm i* ( Z E n 1 ) • 


y geGal(ff„/ff m ) 

Since the action of the Hecke operators commutes with the Abel-Jacobi map, we obtain 


Tgy m — C °1 H n /H,„yn- 

The equality 

Tty,n H(y m 

follows from the definition of A on which Hecke operators 7) act by Of . □ 

We denote by (y n ) v the image of an element y n € H 1 ( H n ,A ) in H 1 (. H n v ,A ). 

Proposition 3.2. Consider cohomology classes y n and y m with n = bn, where t is a prime inert in 
K. Let X m be a prime above l in K m and X n the prime above X m in K n . Then 

(aOa,, = TV(£)(res( y,n)0 in H\K Xn ,A). 
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Proof. The proof can be found in fl4l proposition 6.1(2)]. 


□ 


4 The Euler system 

Let n = i\ ■ ■ ■ Ik be a squarefree product of primes £, inert in K satisfying 

(. £j,DNpc ) = 1 for i = 1, ■ ■ • ,k. 

The Galois group G n = Gal (H n /H) is isomorphic to the product over the primes i dividing n of 
the cyclic groups Gal (He/H) of order i + \. Let 07 be a generator of Gi. We denote by the 
completion of ffp at a prime ^dividing p. Then &F <S> — ®p\p^p' 

A p = A ffp (1) 

be the localization of A at p. Denote by 


yn,g? £ H (H n ,Ap) 


the p-component of v„ € H 1 (H n ,A). In this section, we use Operators © considered by Kolyvagin 
to define Kolyvagin cohomology classes P(n) <G H X (H,Ap/p) using the cohomology classes y„ in 
H l (H,,.A) for appropriate n. Let 

L = H(Ap/p) 

be the smallest Galois extension of H such that Gal(Q/L) acts trivially on Ap/p. We will denote by 
Frob^ /p, (a), the conjugacy class of the Frobenius substitution of the prime a of Fi_ in Gal(Fi / Fi). 
A prime l will be referred to as a Kolyvagin prime if it is such that 

(£,DNpc) = 1 and Frob^L/Q) = Frobeo(L/Q), 
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where Frob^L/Q) refers to the conjugacy class of complex conjugation. Given a Kolyvagin prime 
i, the Frobenius condition implies that it is inert in K. Denote by A the unique prime in K above i. 
Since A is unramified in H and has the same image as Fvob^iL/K) = t 2 = Id by the Artin map, it 
splits completely in H . Let A' be a prime of H lying above A, then A' splits completely in L as it 
lies in the kernel of the Artin map: 


Frob x'{L/H) = % 2 = Id. 
The Frobenius condition also implies that 


at = i + 1 = 0 mod p. (2) 

Indeed, the characteristic polynomial of the complex conjugation acting on Apjp is x 2 — I while 
the characteristic polynomial of Frob(f) is 

x 2 — at/l r x+ 1 /£. 

The latter corresponds to the polynomial .r 2 — a/x + i 2 '' 1 where we make the change of variable 
x —>• i r x dictated by the Tate twist r of Y p . As a consequence, we obtain the polynomial 

tcC- r - atfx + f r ~ 1 = C- r (pc - at/ex + 1/4 

We assume that the primes i dividing n arc Kolyvagin primes. Let 

l _ l 

Tr e = £ <y l t, Df = £ ia l t- (3) 

i=0 i— 1 
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These operators are related by 


{a t -\)Di = l + \-Trt. 

We define D„ = Wi\ n Dt in Z [G n \. And we denote by red fir) the image of an element* of H l (H n ,Ap) 
in H l (H n .Apfp ) induced by the projection 

A P — > a p/p- 


Proposition 4.1. We have 


D„red(y„ iP ) belongs to H l (H n ,A p /p) Gn . 

Proof. It is enough to show that for all l dividing n, 


(df - l)D„red(y„ ;P ) = 0 

in H 1 (H n .Ap/p). We have 

~ 1 )D„ = (a t - 1 )D e D m = {l+\- Tr t )D m . 

Since res H m ,H n ocor H n /H m = Tr^, Proposition 13.11 implies 

(i + 1 - Tre)D m red(y ntP ) = (£+ l)D m red(y„ }P ) -atres Hm ,H n (D m red(y mtP )). 

The latter is congruent to 0 modulo p by Equation ([2]). □ 

Proposition 4.2. For n such that ( n,cpND) = 1, we have 

H°(H n ,Ap/p)=H°(Q,Ap/p) = 0, 
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and Gal (H„(A p /p)/H n ) ~ Gal (H(A p /p)/H) ~ Gal (K(A p /p)/K) ~ Gal(Q(A p /p)/Q). 


Proof. Indeed, H n /Q and Q(Ap/ p)/Q are unramified outside primes dividing and /V/; respec¬ 
tively, so H n r\Q(Ap/p) is unramified over Q. Since Q has no unramified extensions, we obtain 
that H q nQ(Ap/p) = Q, and therefore H°(H q ,Ap/p) = H°(Q,Y p ). The hypothesis 

Gal(Q(A p /p)/Q) ~ GL 2 {0p/p) 

further implies that H°(Q,Ap/p) = 0. The result follows. □ 

Proposition 4.3. The restriction map 


res H , Hn :H l (H,Ap/p)^H l (H n ,Ap/pf' 


is an isomorphism for (n.cpND) = 1. 

Proof This follows from the inflation-restriction sequence: 

0 ^H\H n /H,Ap/p)^H l (H,A P /p) ^ H l (H n ,Ap/ P ) Gn -A H 2 (H n /H,A p /p) 

using the fact that H°(H n ,Ap/p) = 0 by Proposition 14.21 □ 

As a consequence, the cohomology classes D n red(y n} p) can be lifted to cohomology classes 
P(n) in H l (H,Ap/p) such that 


res H,H,P{n) = D„red(y„ iP ). 


Proposition 4.4. Let v be a prime ofH. Ifv\N, then P(n) v is trivial. Ifv\Nnp, then P(n) v lies in 
H\H“ r /H v ,A p /p). 
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Proof. If v divides N, we follow the proof in fT4l lemma 10.1]. We denote by 

(A p /p) dual = Hom(Ap/p,Z/pZ(l)) 

the local Tate dual of A pi p. The local Euler characteristic formula Ifl3l Section 1.2] yields 
\H\H v ,Ap/p)\ = \H°(H v ,A p /p)\ x \H 2 (H v ,Ap/p)\. 

Local Tate duality then implies 

\H\H v ,Ap/p)\ = \H°(H v ,Ap/p)\ 2 . 

The Weil conjectures and the assumption on Fr(v) imply that ((Ap/p) /v ) Fr<v> = 0 where 

< Fr(v) > = Gal (H^/H v ) 
and 7 V = Gal (H v /H“ r ) is the inertia group. Therefore, 

((A^/pY-f (»!'/»,) = (^Ipf ) = h°(H,,A p /p) = 0. 

To prove the second assertion, if v does not divide Nnp, we observe that 


res Hi H„P{n) v = D n red(y, h p) v 

belongs to H l (H“ r xl ,/H n y,Ap/p) and H n y/H v is unramificd for v' in H n above v. □ 
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5 Localization of Kolyvagin classes 

Nekovar liT4l studied the relation between the localization of Kolyvagin cohomology classes P(jnf) 
and P(m), for appropriate m and t by explicitly computing cocycles using the Euler system prop¬ 
erties. We briefly explain his development in this section. 

Set up. We denote by 

Gi =Gal(Q/tf 1 ), G/ = Gal(Q/ff*), Gi = Gal(Q/H+), 
and G Xl = Gal(Qj/ff Ul ), G Xe = Gal G\ = Gal(Qj/Q<), 

where is the maximal real subfield of Hi. Then 

Gi/Gi =< a >, G\/G\ =< T >, G\/Gt = Ga\(He/H + ) =< a > xi < T > 


for some o and z of order l + 1 and 2 respectively. There is a surjective homomorphism 


n : G\ ^ Gal(Q yQg) = z' (1) x 2Z, 


where 



is generated by an element Z( and 

Gal(Q“ r /Q*) ~ Z 

is generated by the Frobenius element 0 at i and <j)Zf(j) 1 = (zi) 1 '. One can show that 

H\G Xv Ap/p)=H\G Xv Ap/p)-H\2Z,A p /p) ~ (A p /p)/((f- -\)A p /p) 
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and a cocycle F in Z l ( Z,'(l) x 2Z, Ap/p) acts by 

F{T l ;f- V ) = (1 + 0 2 + • • • + </> 2(v ~ 1} )a + (0 2 - 1 )b, 
where [F] = a mod (<j) 2 — l)Ap/p. 

Let //"' be the maximal unramified extension of Hx, and let H\ be the maximal tamely ramified 
extension of H \, We denote by 




(4) 


the isomorphism that switches cocycles with same values on the arithmetic Frobenius element (j) 
generating Gal(//"' ///;J and the generator Zi of Gal (H^ /FI‘A) modulo p. 

Proposition 5.1. We have 


£+1 


£ ~~p) y( ' P( ' m ^ x ' = 


a e e/£ r - l/l- 1 


P(£ m )ki 


(5) 


where X\ is a prime ofH\ dividing i, and e = ±1. Furthermore, P{fm)x l is unramified at t 
Proof. We denote by 


x — D m ym F H (G{,Ap/p), and y — H m y i m F H {GpAp/p ). 


Let z = P(£m) in H { (G\,Ap/p). Then 


res Gl ,G f (z) = Dpredfiy) G H ] (GpA p /p). 
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For a in Apjp, we have 

1 ■ e P(f 4-1') 

Dfd = ^ ia\a ) = ^ i = —-— = 0 mod p. 

i= 1 i= 1 2 

Therefore, res G| xj- Af (z) = 0, which implies that P(£m) Xl is ramified at a place X\ of H\ 
Hence, using the inflation-restriction sequence 

O^H 1 (G Xl /G Xv Ap/p)^H 1 (G Xl ,Ap/p)^H 1 (G Xe ,A P /p)^0, 

we obtain 

P{bn) Xl = res Gl!GA| (z) = inf g x Jg Xv g Xx (zt) 

for some 

zi £H\G x jG Xv A p /p) = Hom(< a >,A p /p). 

Since cor GlGx (y) = agx, there is an element a in A p /p such that 

cor GltGl (y)(g ] )-aix(g\) = (gi-l)a 

for gi in G\. It is shown in fT4l section 7] that 

a = zi(a). 


We let 


a x = res G ,G Al 0), and a y = res h ,g X( (>’)• 


above L 


( 6 ) 
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Restricting gi to g Xl E Gg in equation © where 7c(g X] ) = <J"(j) 2v , we obtain 


l S^^)-aea x (g^) = (£+\)a y (g X{ ) -a e a x {g X{ ) = (0 2 -l)c 


i =0 


where a is a lift of a in G] /Gf to G]. We have 


X (gx i) — (1 + 0“ H-b 0 (l l ' l )a x + ((j>~ — 1 )b x , 

& jfeq) = (1 + </> 2 H b 0 2< ' V_1) )a v + (0 2 — \)b y . 


For u = 0,v = 1, we obtain from the last three equations 


(£+l)y(g Xl )-a ( x(g Xl ) = (0 2 - l)a + (> 2 - l)(-a t b x + (e+l)b y ), 


where 


(0 2 - 1) (—aeb x + (t+ 1 )fej,) = 0 mod p 


as = t + 1 = 0 mod p. The second property of the Euler system 


i y = (j)(a x ) mod (0 2 — 1) Ap/p 


implies that 


£+1 


y(sxi ) - ) = (^r £ _ “) ) 


where e is such that (f> = z acts by e on a x . Therefore, by Equation ©, 


£+\ a e \ , 0 2 -l 

- £ - x(g Xl = - a mod p. 

P P J P 


(V) 
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The characteristic polynomial of (j) implies that 


(j) 2 — a$/£ r + \ jl = 0 on Apjp. 


Therefore, 

(e+i a e \ , N a^/er-x/e-x ai e/e-x/i-x 

-£- x(gx { ) =- a = - a. 

V p pJ p p 

We seek to express a = Z] (cr ) in terms of P(lm)x l = inf G / G G (z, \) where the generator a of 
GxjGxf can be lifted to the generator Ti of = Gal (H^ /H™). It is therefore enough to apply 
the map y to a to obtain P(£m)x l where / switches cocycles with same values on Froh(/:) and %(. 
The result follows. □ 


6 Statement 

Recall that the Galois group G = Gal (H/K) where PI is the ring class field of K of conductor c acts 
on H l (H,Ap/p). We denoted by 

G = Hom(G,jtG) 


the group of characters of G and by 


e x = j ttL* l (s)g 

geG 

the projector onto the ^-eigenspace given a character % of G. We let 

8 = red(yi) in H l {H,A p /p). 

Then ej8 belongs to the jf-cigcnspacc of H 1 (H,A p f p). We recall the statement of the theorem we 
prove. 
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Theorem ll.il Assume that p is such that 


Gal(Q(A p / j p)/Q)~GL 2 (^p/ j p), (p,ND$(N)) = 1, and p\ |G|. (8) 

Suppose further that the eigenvalues of Fr(y ) acting on Ap are not equal to 1 modulo p for v 
dividing N. Assume ^ E G is such that ej8 is non-zero. Then the ^-eigenspace S x of the Selmer 
group S has rank 1 over & pip. 

Set up of the proof. Consider the prime A of K lying above a prime l inert in Q and let A' be 
a prime of H above A. The self-duality of Apfp given by 

Ap/p ~ Hom(A p /p,Z/pZ(l)), 

where Horn (Ap/p, Z/pZ( 1)) is the Tate dual of Ap/p and local Tate duality gives a perfect pairing 

(;-h> :H\H u x :/H x ,,(Ap/pyv)xH\HZ:,Ap/p)^ypZ, 


where 1^ = Gal (H^/H™) and ^-linear isomorphisms 

{H\H%,Ap/ P )} dual - H\Hi:/H x ,,{Ap/p)h') ~ (A p //>) 4 '/(0 - !)• (9) 

where (j) is the arithmetic Frobenius element generating Galf//"!///^). Recall that the Selmer 
group S C H l (H.Ap/p) consists of the cohomology classes whose localizations lie in 

H X (H/ r /H v .Ap/p) 

for v not dividing Np and in Hj-(H v ,Ap/p) for v dividing p. Here, Hj/H v ,Ap/p) is the finite part 
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of H l (H v ,Ap/p) as in (4). We denote by 


res A :H\H,A p /p)-^® k ,\ X H\H k ,,A p /p) 

the direct sum of the restriction maps from H l (H, Ap/p) to A p/p ) for A' dividing A in H. 

Restricting res^ to the Selmer group, we obtain the following map 

res A : 5 —► ® k ,\ X H x {H%/H k ,, (Ap/p) 1 *'). 

Taking the (Z/p)-linear dual of the previous map and using isomorphism we obtain a homor- 
phism 

¥e :®X'\ k H\H%,A p /p)^S lual . 


Let 


Xf; = 


be the image of \j/f in S dl,al . We aim to bound S dua> from above by using the Kolyvagin classes P(n) 
introduced in Section|4|to produce explicit elements in the kernel of \j/f . 

1 Generating the dual of the Selmer group 


Lemma 7.1. We have 


H 1 (Aut (Ap/ p),Ap/p) = 0. 


Proof. Sah’s lemma lfl2l 8.8. 1] states that if G is a group, M a G-representation, and g an element 
of Center (G). then the map x —> (g — 1) x is the zero map on H l (G.M). In our context, since 


g = 2/ G Aut (Ap/p) 
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belongs to Center(Aut(Ap//;)). we have that g — I = I is the zero map on the group 


H [ (Aut(Ap/p),Ap/p) 


and the result follows. 


□ 


Proposition 7.2. There exists a prime q such that q is a Kolyvagin prime, and such that 


res p>ej8 


is not divisible by p where [5' is a prime dividing q in H. 


Proof. For the purpose of this proof, we denote the cocycle ej8 by c\ and the Galois group G(L/H) 
by G. By Proposition 14.41 c\ belongs to S x . The restriction map 


r : H\H,A p /p) —► H l (L,A p /pf = Horn c (L,A p /p) 


is injective. Indeed, Proposition I4.2l and Proposition 17 .1 1 imply that 


Ker(r) = H 1 (H {A p /p)/H ,A p j p) = 0. 


Consider the evaluation pairing 


r(S x ) X Gal(Q/L) — >A p /p 


and let 

Gal s (Q/L) 


be the annihilator of r(S x ). Let L s be the extension of L fixed by Gals(Q/L) and denote by Gs the 
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Galois group Gal(L 5 /L). We obtain an injective homomorphism of Gal (H/Q )-modules 


r(S x ) Horn G (G s ,Ap/p)- 

We denote by 5 the image of r{c\) in Horn c(Gs,Ap/p). 

If s(G^ ) = 0, then as s belongs to S ± , we have 

5 : G s — >A p /p ± , 

where Ap/p ± are the ± eigenspaces of Ap/p with respect to the action of r. On the one hand, 
the eigenspace Ap/p^ is of rank one over 6p/p. On the other hand, by Proposition 14.21 and 
Assumption ©, 

G = G{L/H)~GL 2 {0p/ P ). 

Hence, A p /p± has no non-trivial G-submodules and s(G~ s ) = 0, that is.s= 0. This is a contradiction 
because c\ / 0 in S x as c\ is not divisible by p in S x . Asa consequence, we have that s(G§) / 0, 
where 

G+ = Gj +1 = {h x h | h in G s } = {(t h) 1 \ li in G 5 }. 

Therefore, there exists h in Gs such that ci((t/j) 2 ) / 0. Consider the element zh in Gal(L 5 /Q). 
Cebotarev’s density theorem implies the existence of q in O such that 

Frob 9 (L 5 /Q) = zh 

and such that (q,cpND) = 1. In particular, q is a Kolyvagin prime since res |j (zh ) = z. For /3 in L 
above q, we have that 

Frob p (L s /L) = (zh) 2 
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generates the local extension L s /L at /3. This implies that reSfi/C] does not vanish for 


j8' = j8n H. 


□ 

We consider the restriction d of an element c of H ] (H.A p jp) to H 1 (F.Apf p). Then d factors 
through some finite extension F of F. We denote by 


F(c) = F ker ^ 

the subextension of F fixed by ker (d). Note that F(c) is an extension of F. 
Consider the following extensions 



F = H q (Ap/p) 


where the abbreviation Gal indicates taking Galois closure over Q. We define 
To = Gal(7 0 /F), Vi = Gal(7i/F), and V = Gal(7 0 7i /F). 
We have an isomorphism of Aut(A^//;)-modules Vq ~ V\ — Apjp. Let 

% = F(ejred(y hp )) Gai and if = F{ejD q red{y q ^)) Ga \ 
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We denote by Vq and Vf their respective Galois groups over F. We will show that 

V J = Gal (iflf/F) ~ Vg x Vf. 

Proposition 7.3. The extensions if and if are linearly disjoint over F. 

Proof. Linearly independent cocycles c\ , C2 of H 1 ( H q ,Ap / p) over ff p /p can be viewed as linearly 
independent homomoiphisms h \ . h 2 in Horn Gd{F /HftyiAp/p) over ffp/p. The restriction map 

H l (H q ,Ap/^ H\F,A p /pf^ F/H ^ 

is injective. Indeed, combining Proposition 14.21 with Proposition 17. 1 1 that implies that 

H\K(A p /p)/K,A p /p) = 0, 


we obtain that 

Ker(r) = H X (F /H q ,Ap/p) = 0. 

Furthermore, cocycles of H 1 (F, Aplp) G ^ F factor through 

H\l 0l /F,Ap/ P ) Gal{F/H ^ = Hom Gal(F/fl?) (7 01 /F,A p /p). 

Consider the extension if D if of F. It is a Gal (F /T/^-submodulc of A p /p. The hypothesis 
respjejied(yi p) f 0 implies that 


resp,ejiced(D q y q jy) f 0 


by (13.21) . On the one hand, since res^/e^red (D q y CJ)P ) is ramified, ejD q rcd(y (l p) does not belong to 
S x . On the other hand, ejYcd(y\p) f 0 belongs to S x by Proposition 14.41 Therefore if n if =o 
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since A p /p is a simple Gal {F/H q ) -module. Note that the cocycles c\ and cj cannot be linearly 
dependent either since one of them belongs to S x while the other one does not. □ 

For a subset U C V, we denote by 

L(U) = {£ rational prime |Frob^(7oi/Q) = [t u\,u £(/}. 

Note that a rational prime £ in L( U) is a Kolyvagin prime as 

Frob((H(A p /p)/Q) =res| jy(i4#>// ,)Frob<(/ 0 i/Q) = T 

since u € U. In fact, it satisfies 

Frob e {H q (A p /p)/Q) =res\ Hq(Ap/p) Frob e {I 0l /Q) = T. 

Hence, a prime above £ in H splits completely in H q . Indeed, it lies in the kernel of the Artin map 
because of the Frobenius condition 


Frob e(H q /H) = T iD(H/Q)i = t 2 = Id, 


where |D(///Q)| is the order of the decomposition group D(H / Q), also the order of the residue 
extension. Similarly, a prime above £ in H q splits completely in H q (A p /p)\ it lies in the kernel of 
the Artin map because of the Frobenius condition 


Frob t {H q {A p /p)/H q ) = T |D( ^ /Q)I = T 2 = Id. 


Proposition 7.4. Assume U + generates V + . Then {X(}f,eL(U) generates S dual . 
Proof. The proof consists of the following steps: 


27 



1. An element s of S can be identified with an element li of Horn c{F,Ap/p). 

2. To show the statement of the theorem, it is enough to show that res^ (Y) = 0 for all £ € L(U) 
implies s = 0. 

3. The assumption res^ ( s) = 0 for all t £ L(U) implies that li vanishes on U + . 

4. The assumption U + generates V 1 implies h = s = 0. 

1. Let s be an element of S. For the purpose of this proof, we denote 

G = Gal (H(A p /p)/H) ~ GL 2 (0 p /p). 

We denote by li the image of .s' by restriction in 

H\F,Ap/pf C Hom G (Gal (F/F),A p /p). 

Flere, restriction can be viewed as the composition of the following two restriction maps 

H\H,Ap/ P ) HH\H(A p /p),Ap/p) G ^H\F,Ap/pf. 

Combining Proposition 14.21 and 17. 1 1 we obtain that 

Ker (r l )=H l (H(A p /p)/H,A p /p) = 0. 

By Proposition 14.21 we have 

Gal (H q (A p /p)/H(A p /p)) ~ Gal (H q /H) ~ Z/(q + 1)Z. 

On the one hand, the group G acts trivially on Gal (H q (Ap/p)/H(Apjp)). On the other hand, Ap/ p 
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is simple as a G-module. Hence, 


Ker(r 2 ) = Hom G (Gal (F/H(A p /p)),A p /p) ~ Hom G (7/ ? /i/,A^/p) = 0 

since such a G-homomorphism maps an element of Gal (H q /H) to a G-invariant element of Apfp, 
that is, to 0. 

2. By Isomorphism (0. local Tate duality identifies ©A'|A H\H%,A p /p) with 




So if we show that 


( re SA}teL([/) : S —> /H\'P) Ix ')}ie L (u) 

is injective, then the induced map between the duals 

{®w«'(«;!>*>*>) w, —> 

would be surjective. Hence, it is enough to show that resx(s) = 0 for all l e L(U) implies s = 0. 

3. Consider 7oi, the minimal Galois extension of Q containing 7oi such that li factors through 
Gal(/oi/F). Let x be an element of Gal(/ (l i /F) such that x|/ 01 belongs to U. By Cebotarev’s density 
theorem, there exists i in L(U) such that Frob^(7oi/Q) = [tx], The hypothesis res^ (s) = 0 implies 
that /i(Frob^//(7 0 i/F)) = 0 for A" above i in F since Frob^//(7 01 /F) is a generator of the local 
extension of Gal(7oi/F) at A". In fact, 

Frob^»(7oi/F) = (tx)^ F/ ^ = (tx ) 2 =x t x = 2x + , 
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where |D(F/Q)| is the order of the decomposition group D(F/ Q), and is also the order of the 
residue extension and.r + = -x T x. Therefore, h(x + ) = 0 for all x £ Gal (/qi /F) such that x\i m belongs 
to U. 

4. The hypothesis U + generates V + then implies that h vanishes on Gal(/oi /Fy . Hence, Im(/z) 
lies in Ap/p , the minus eigenspace of Ap/p for the action of z which is a free 6‘pj /j-module of 
rank 1. In particular, it cannot be a proper non-trivial G-submodule of Ap/p. Therefore, h = 0 
which implies 5 = 0. 

□ 


Next, we study the action of complex conjugation on the ^-component of the cocycles y q .p. 
Proposition 7.5. There is an element Oo in Gal (H q /K) such that 

Xe xy<hP = e *(°b )ejy q ,p, 

where —£ is the sign of the functional equation of L(f.s). 

Proof. fl4l proposition 6.2] that uses a result in Q states that 

xy q ^p = £O 0 y q . p (10) 

for some Gq in Gal (H q /K). Since z acts on an element g of G by 

zgz-' =g-\ 


we have 


Xe x = 


1 

G 


L l ^)s 

geG 


*)* 1t = T7tL^ ‘fe *)« lz=e T x - 

I I g€G I I g€G 
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Also, 


^ a ° = ITT L X \g)oog = ri £ *(°o )X l (obg)aog = X(oo)ej. 
I G I gee l G l geG 

Therefore, applying ej to Equation (fTOl) yields 


^e x y q , p = ex{o 0 )ejy q , p . 


□ 

Let us look at the action of complex conjugation on V x = V ( f Vf . For (vo,vi) in VoVj, we use 
the identity zD q = —D q x mod p to obtain 

xv 0 z(ejy hp ) = ex(ob)Tvo(e x yi,p). 

Tv, z(ejD q y q:P ) = -xviD q x{ejy q ^) = -£x(o {) )zv\{e x D q y q ^). 


When x = X* for (jt,y) in Vjf V'f, 


x(x,y)x = (£x(o 0 )xx,-£x(a 0 )xy). 


In this case, we define 


U = {(x,y) in E 0 x Vi\£x(oo)zx+x,-£x((Jo)zy+y generate A p /p}. 


When x ± X, for (x,y,z,w) in vfvgvfv? = V , 


z(x,y,z,w)r = (ex{<%)Ty,£X(<%)'tx,-£x{ob)zw,-ex(ob)'cz). 


31 


In this case, we define 


U = {(. x,y,z,w ) in v£v£vfv?\ex(<Jo)Tx + y, -£^(<t 0 )tz +wgenerate Ap/p}. 

In both cases, Proposition [ 73 ] and Congruence © imply that U + generates 

P + ~ V 0 + x Vf ~ fJp/p x & pi p ~ Apl p. 

Let £ be a prime in L(U), and let A be the prime of K lying above it. 

Proposition 7.6. The elements 

res xejP(l) and res xe%P{lq) 

generate ©A'|A^‘ ( H %,Ap/p)X. 

Proof We have 

©A'| k H\H%,A p /p)*~@ k ,\ k {{Ap/p) 1 "/^ - l)) 7 
since the former is isomorphic to its dual by Isomorphism ©. The module 

®A'|A {(Ap/p) 1 ^'/^- \)Y 

is of rank at most 2 over Gplp, hence, so is Ap/p) x . The Frobenius condition on l 

implies that 

res A ejred(yi iP ) and resye^red^p) 

are linearly independent over ©A'lA Ap/p. Indeed, if they were linearly dependent then, in the case 
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x = x. 


(re$xejred(y ]: p)) (zx)1 - res A ^red(vi iP ) 
and (res x ejD q red(y q:P ))^ -res x ejD q red(y qtP ) 


where Frob/(/oi /Q) = Tit = (tx,t y) would also be linearly dependent. The Frobenius condition 
implies that 


Frob i{Iq/F) = x z x = (tx ) 2 and Frob i(lf /F) = y T y = (tv ) 2 

generate A p /p, which yields a contradiction as (t.x ) 2 acts on the element res^ejred(yi ^) generat¬ 
ing the local extension of /* over F by 

(rested (yi )P ))( Tx)2 - res A e r red(yi ;P ) 

and (tv ) 2 acts on the element res a ejD q red(y q . p ) generating the local extension of if over F by 

res xejD q red(y qtP )) [zy)2 - res x ejD q red(y q)P ). 


Similarly, in the case % ^ 


(res A e^red (y hp ) 'f y - res A t^red(y Kp ) 
and (res^ejD q red(y q:P )f w -re^ejD q red(y q:P ) 

where Frobr(/oi /Q) = Tu = (tx, Ty, T z, T w) would also be linearly dependent. The Frobenius con¬ 
dition implies that 

Frob i(Iq/F) =x T y= (zx)(zy) and Frobe(lf /F) =z T w = (zz)(zw) 
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generate A p /p, which yields a contradiction. 

Equation ([5]) implies that if res ^ejP(lq) and res ^ejP{£) were linearly dependent then 

res xejP(q) = res^Z^redy^ and res A ejP(l) = res A e r redy Kp 

would be linearly dependent as well. □ 

8 Bounding the size of the dual of the Selmer group 

In what follows, we study the modules Xf for £ in L(U). 

Proposition 8.1. We have 

Y W',res A /P(n)) A / =0. 

X'\l\n 

Proof. The proof follows lfl4l proposition 11.2(2)] where both the reciprocity law and the local 
ramification properties of P(n) in Proposition 14.41 are used. □ 

Proposition 8.2. The element \j/i(vcs^ e jP(£q)) generates Xf over Op/pfor £ in L(U). 

Proof. The image of res ^ejP(i) by the map 

m -.® V \ X HUHi;,Ap/pY ^xf 

is the homomorphism from S x to Z/p given by: 

Y^ e x s x'^jP{£)x')x'- 

X’\X 

Proposition 18. 1 l implies that 

Y ( e I s X’, e J P ^)x’)x' = 0. 

X'\X 


34 


Hence, the image by y/p of res x e jP(l), one of the two generators of 


®X>\xH\H%,A p /p)X 

by Proposition |T6j is trivial. □ 

Proposition 8.3. The modules Xf that are non-zero are all equal for £ € L(U). 

Proof Proposition 18. 1 l implies that 

E ( e z s x^ e x p ^q)v) + L ( e r s P'- e x p ( lc l)p') = 0. 

A'|A p'\p 

Hence, 

¥t( Tes X e j p (£q)) + \j/ q (respejP(£q)) = 0. 

If \\fp(vQSiejP{lq)) = 0, then by Proposition 18.21 Xf = 0. Otherwise, since 

Vi (res xejP{£q)) 

generates Xf over ff p /p, we have that 

-\l/t(resi e jP(£q)) = yf q (respejP(£q)) € X* 

is non-zero. Therefore, the non-trivial element \\r q (ve,spejP{£q)) generates a rank 1 module X q 
over & pip and Xf =X q . □ 

In what follows, we prove theorem ITTT1 

Proof By Proposition 17.41 the set {Xf} generates S dual ' x as £ ranges over L(U). Hence, the set 
{Xf} generates S dual ’ x as £ ranges over L(U), where, by Proposition 18.21 the modules Xf that 
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are non-zero are of rank 1 over &pjp and are all equal. Hence, rank(S*) < 1. Also, e^red (yi !p ) 
belongs to S x by Proposition 14.41 and is not divisible by p in .S'*. Indeed, this follows from the 
hypothesis on ejied (yi,p) and Proposition 17.51 where x(<7o) is a root °f unity since Gal (H/K) is a 
finite group. This implies that rank ('.S*) > 1. Therefore, 

rank^*) = mnk(S dua, 'X) = 1. 


□ 

Remark 8.4. Because the p-adic Abel-Jacobi map factors through the Selmer group, (see lfl4l 
Proposition 11.2.1] for a proof) 

d>* : CW(W 2r -2/H)$ <8> Gpfpe p —► 5*, 

Theorem 11.1 l implies that rank^/^Im (<!>*)) = 1. 

Remark 8.5. In Kolyvagin’s argument for elliptic curves E over Q and certain imaginary quadratic 
fields K, the non- triviality of the Heegner point \y in E (K) /pE (K) for suitable primes p immedi¬ 
ately implied the non-triviality of _vy in Sel p (E/K). In our situation, even though the p-adic Abel- 
Jacobi map is conjectured to be injective, it is non-trivial to check whether a non-trivial Heegner 
cycle in the Chow group has non-trivial image in H l (H,Ap/p). 
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